In a virialized stellar system, the mean-square velocity is a direct tracer of the energy per unit mass of the system. Here, we exploit this to estimate and compare rootmean-square velocities for a large sample of nuclear star clusters and their host (lateor early-type) galaxies. Traditional observables, such as the radial surface brightness and second-order velocity moment profiles, are subject to short-term variations due to individual episodes of matter infall and/or star formation. The total mass, energy and angular momentum, on the other hand, are approximately conserved. Thus, the total energy and angular momentum more directly probe the formation of galaxies and their nuclear star clusters, by offering access to more fundamental properties of the nuclear cluster-galaxy system than traditional observables. We find that there is a strong correlation, in fact a near equality, between the root-mean-square velocity of a nuclear star cluster and that of its host. Thus, the energy per unit mass of a nuclear star cluster is always comparable to that of its host galaxy. We interpret this as evidence that nuclear star clusters do not form independently of their host galaxies, but rather that their formation and subsequent evolution are coupled. We discuss how our results can potentially be used to offer a clear and observationally testable prediction to distinguish between the different nuclear star cluster formation scenarios, and/or quantify their relative contributions.
INTRODUCTION
Recent studies have revealed that nuclear star clusters (NSCs) occur commonly in galaxies of every type (e.g. Binggeli, Sandage & Tarenghi 1984; Kormendy & Kennicutt 2004) . These massive and compact star clusters occupying the centres of galaxies are characterized by small effective radii and high central surface brightnesses that help to distinguish them from the surrounding bulge and disk.
Several theories have been proposed to explain the origins of NSCs, but two in particular have emerged as leading scenarios. The first invokes gas accretion at the centres of galaxies to form stars (e.g. McLaughlin, King & Nayakshin 2006; Nayakshin, Wilkinson & King 2009 ). The second postulates successive mergers of globular clusters (GCs) that spiral into the galactic centre due to dynamical friction (e.g. Tremaine, Ostriker & Spitzer 1975; Quinlan & Shapiro 1990; Gnedin, Ostriker & Tremaine 2014) . Several authors have used (primarily N-body) simulations to succesfully reproduce some of the observed features of NSCs formed via this mechanism, including their effective radii and central velocity dispersions (e.g. Capuzzo-Dolcetta & Miocchi 2008) . For example, Gnedin, Ostriker & Tremaine (2014) recently modeled the effects of dynamical friction on the orbits of GCs within their host galaxies, in conjunction with the underlying dynamical evolution of the infalling clusters, including mass loss (due to both stellar evolution and tidal stripping) and tidal disruption. The model successfully reproduces the observed features of NSCs in both late-and early-type galaxies.
Whatever the dominant formation scenario for NSCs, c 2011 RAS the evidence suggests that it is an on-going process. The nuclei of late-type disk galaxies have been shown to be populated by stars spanning a wide range of ages, with some members being as young as a few tens of Myrs (e.g. Long, Charles & Dubus 2002) . Many authors have suggested that this is indicative of episodic star formation that has occurred over an extended period of time. Proponents of the GC infall scenario, on the other hand, have argued that the young ages of some of the stars can be accounted for if star clusters spanning a range of ages were accreted. In at least the Milky Way, most young star clusters are of relatively low-mass in present-day star forming regions. On the other hand, Nguyen et al. (2014) found several super star clusters at the centre of Henize 2-10, a blue compact dwarf galaxy with an on-going starburst at its centre. The authors argue that many of these young massive (∼ 10 6 M⊙) clusters have very short dynamical friction time-scales, suggesting that this may be a rare snapshot of nuclear star cluster formation (via the infall of young massive clusters) around a pre-existing super-massive black hole. Regardless, the evidence suggests that GC infall cannot be the whole story in at least some NSCs, and that in at least these cases some in situ star formation has occurred. For example, this was illustrated by Hartmann et al. (2011) for the nearby disc galaxies NGC 4244 and M33 using both observations and dynamical models of the NSCs at their centres. The authors argue that gas dissipation is required to account for 50% of these NSCs' masses.
In this paper, we calculate and compare the meansquare velocities of NSCs and their host galaxies, which we use as proxies for energy per unit mass in these systems. Traditional observables, including the radial surface brightness and second-order velocity moment profiles, vary on relatively short time-scales due to episodes of matter infall and/or star formation. Meanwhile, the total mass, energy and angular momentum remain approximately conserved. Total energy and angular momentum are decided by the various processes that go into forming NSCs and their host galaxies, whereas traditional observables are also affected by any subsequent or secondary evolution that occurs in energyand angular momentum-space post-formation. Thus, the total energy and angular momentum more directly probe the formation of galaxies and their nuclear star clusters, by offering access to more fundamental properties of the nuclear cluster-galaxy system than traditional observables. However, we caution that our analysis relies on the same observable quantities to calculate mean-square velocities and that we make the additional assumption of virial equilibrium, which introduces some further uncertainty. Regardless, as we will illustrate, the comparison is nonetheless instructive. In particular, there is a priori no reason to expect that the formation and subsequent time evolution of NSCs should be coupled to their host galaxies in energy-and angular momentum-space. If NSCs and their hosts form independently 1 , then they should remain independent in energyand angular momentum-space at the present-day. Our re-sults suggest that NSCs are coupled to their hosts in energyspace. We subsequently explore the physical processes that could produce such a correlation and, based on this, propose a means of also using total angular momentum to further constrain NSC formation. In Section 2, we describe the requisite theoretical background. We present the data we use in this paper to calculate the root-mean-square velocities in Section 3, both for early-and late-type galaxies. Our results are presented in Section 4. In Section 5, we discuss the significance of our results for different NSC formation scenarios, and conclude in Section 6.
BACKGROUND
In this section, we describe the necessary theoretical background. The purpose here is to motivate our choice for calculating mean-square velocities for both the central NSCs and their host galaxies. As we will show, the mean-square velocity is a proxy for the energy per unit mass of the system, assuming virial equilibrium. The evolution in energyand angular momentum-space is what determines the balance between the total system mass, half-mass radius and root-mean-square velocity (see Equations 4 and 5), via the virial theorem. Thus, the total energy and angular momentum, which are initially determined by the various formation processes and are subsequently conserved in time, are fundamental to determining the observed parameters of a self-gravitating system, which are not time-independent. Naively, there is no reason to expect that the formation and subsequent time evolution of NSCs in energy-and angular momentum-space should be coupled to their host galaxies. If NSCs and their hosts form independently, then the evolution in energy-and angular momentum-space should proceed independently, first on a crossing time-scale (virialization) and then on a relaxation time-scale (two-body relaxation in energy-space and resonant relaxation in angular momentum-space; although the two-body relaxation timescale tends to exceed a Hubble time in both NSCs and, especially, their host galaxies) (e.g. Merritt 2013) . Intriguingly, however, we will show that there is a strong (nearly) linear correlation, and in fact a near equality, between the energy per unit mass (via the mean-square velocity) of NSCs and that of their host galaxies.
We assume virial equilibrium for all NSCs and host galaxies. The scalar virial relation yields 2E = -2K = W, where E is the total system energy, K is the total kinetic energy and W is the total potential energy. The kinetic and potential energies are, respectively:
and
where vrms and rg are the root-mean-square stellar speed and the gravitational radius, respectively, and M is the total stellar mass. It follows from the virial theorem that the mean-square velocity is given by:
where the last (approximate) equality holds for many simple stellar systems (Spitzer 1969) , and r h is the median radius (or half-mass radius) which is related to the gravitational radius via r h ∼ 0.4rg. In general, the gravitational radius is related to the system half-mass radius via a multiplicative constant that depends on the gravitational potential, or rg = αrr h . For example, for a spherically symmetric stellar system, we have rg = 2r h (Jaffe 1983) . Throughout this paper, we assume rg = 2r h (i.e. αr = 2 in Equation 5) for all NSCs as well as for the bodies of all early-type galaxies, and rg = r h (i.e. αr = 1) for the bodies of all late-type galaxies (e.g. Binney & Tremaine 1987 ) (see below). We calculate the mean-square velocities for NSCs and their host galaxies using Equations 1 and Equation 2. For the NSCs, we use (Binney & Tremaine 1987) :
and for the host galaxies we use:
where MNSC and M Gal are, respectively, the total stellar (or baryonic) mass of the NSC and host galaxy, fg is the baryonic mass fraction inside r Gal , and rNSC and r Gal are the effective or projected half-light radii r h of the NSC and host galaxy, respectively, which we use as proxies for the 3-D half-mass radii (see below). These masses and radii are derived from the observations as described in Sections 3.1 and 3.2. We further assume a constant dark matter mass fraction (but see Section 4 for further discussion of this issue and its effects on our results) inside the effective radius r h for all galaxies, corresponding to a baryonic mass fraction fg = 0.87 (Cappellari et al. 2013a,b; Toloba et al. 2014a,b) . In practice, kinematical data (i.e. the two terms in Equation 6 below, which correspond to the second-order velocity moments projected along the line of sight) are difficult to obtain. Consequently, very few such measurements have been provided in the literature (e.g. Busarello, Longo & Feoli 1992; Chae, Bernardi & Kravstov 2014; Toloba et al. 2014a,b) . This is the reason we calculate root-mean-square velocities indirectly from the virial theorem using the total system mass and the half-light or effective radius, as opposed to using the directly measured second-order velocity moments.
How does the root-mean-square velocity calculated from the virial theorem relate to what is actually observed? Similarly to rg, the root-mean-square velocity vrms is not measured directly, but rather indirectly via the observed secondorder velocity moment v 2 + σ 2 , where v and σ are the observed mean stellar velocity (i.e. the mean velocity of ordered bulk motion) and velocity dispersion, respectively. To obtain v 2 rms from the observed velocity moments projected along the ling-of-sight, we would need to include multiplicative factors, or (Busarello, Longo & Feoli 1992) :
The constants αv and ασ are determined by the gravitational potential and the angle of inclination relative to the line-of-sight. For example, αv = 1 and ασ = 3 in the case of an isothermal sphere, which is spherically symmetric (Emsellem et al. 2007 ). For a non-spherical potential, however, the angle of inclination must be accounted for when measuring the parameters αv and ασ.
THE DATA
In this section, we describe the data used to compile our samples of both early-and late-type galaxies, beginning with the former. We summarize in Appendix A all NSC galaxy masses and root-mean-square velocities calculated from these data. This is done in Tables A1, A2 and A3 for each of the latetype, Virgo Cluster and Coma Cluster samples, respectively.
Early-type galaxies
For our analysis of early-type galaxies, we use data from the Virgo and Coma Cluster Surveys. Beginning with the former, we use data for 47 nucleated early-type galaxies observed during the Advanced Camera for Surveys Virgo Cluster Survey (ACSVCS, Cote et al. 2004 ). We reject five galaxies from the original sample of Cote et al. (2006) in which the apparent NSCs are significantly offset from the galaxy's photocentre and therefore, as discussed by Cote et al. (2006) , may well be globular clusters that only appear to reside close to the nucleus due to a chance projection (Leigh, Böker & Knigge 2012) . We also discard four galaxies with extended nuclei (Graham 2012; Scott & Graham 2013) , which are more accurately described as nuclear disks (Balcells 2007) , from our sample. In order to obtain estimates for the stellar masses, we use the apparent z-band magnitudes, (g-z) colors, and halflight radii for both NSCs (from Cote et al. 2006 ) and host spheroids (from Ferrarese et al. 2006) . In order to convert to absolute magnitudes and physical radii, we obtain distances to individual galaxies from Tonry et al. (2001) and Blakeslee et al. (2002) wherever possible, and for galaxies not in the catalogue of Tonry et al. (2001) we adopt a distance of 16.52 Mpc . We also need to multiply the respective z-band luminosities by an appropriate mass-to-light ratio. We use the empirically calibrated massto-light ratios provided by Bell et al. (2003) , accounting for the (g-z) color of NSC and spheroid, respectively. We note here that, given the morphological types of the sample galaxies (E, S0, dE, dS0, and dE,N) , their stellar spheroids can be expected to be virialized, and to have little or no current star formation activity. This justifies use of a single (colourdependent) mass-to-light ratio for each galaxy spheroid in order to derive its stellar mass. Approximate error bars for the NSC masses were calculated using the 0.041 mag uncertainty quoted by Cote et al. (2006) .
We also use data for 53 nucleated low-mass early-type galaxies observed during the Coma Advanced Camera for Surveys Cluster Survey (Carter et al. 2008; den Brok et al. 2014) . We include all galaxies in the sample designated as possible members or better. However, we also check our derived scaling relations without including galaxies listed as possible members, since here membership is not certain. Our results turn out to be insensitive to the adopted inclusion criterion. To calculate the NSC and host galaxy masses, we use the corresponding F814W magnitudes. Unlike with the Virgo Cluster sample, we do not have colour information to calculate empirically-calibrated mass-to-light corrections for the stellar population. Thus, we assume a mass-to-light ratio of 2 for all NSCs and host galaxies to correct for the unseen component of the stellar mass distribution. This is a reasonable assumption for at least the Coma Cluster, since with only a few exceptions, the colour distribution is very narrow .
Late-type galaxies
For our analysis of late-type galaxies, we compiled a sub-sample of 69 galaxies compiled from the sample of Georgiev & Böker (2014) , for which there are measurements of their PEtrosian radii in the 10th SDSS data release 2 . These are nearby ( 40 Mpc), mostly low-inclination spirals. We calculate the total galaxy luminosity and its effective radius using their SDSS Petrosian measurements following the prescription given in Graham et al. (2005) (their Sections 3.2 and 3.3, and equations 5 and 6). To obtain masses for these nuclear star clusters, we use the luminosities measured from the flux within the best-fitting King model of a given concentration index (as provided in Georgiev & Böker (2014) ), multiplied by a suitable mass-to-light correction obtained using the Bruzual & Charlot (2003) simple stellar population models for solar metallicity and a Kroupa (2001) initial mass function. We use the available colour information given by the various combinations of the most reliable and well-calculated filters, namely F 450W , F 555W , F 606W and F 814W . All available colours are matched to the respective colours of the Bruzual & Charlot (2003) models, and then a median mass-to-light ratio is calculated for all colours (for more details see Georgiev et al. 2015, in preparation) . For the galaxy luminosities and sizes, we use the z-band Petrosian magnitudes and Petrosian effective radii given in the tenth data release of the SDSS database, which correspond approximately to the half-light radii of the galaxies. The luminosities are converted to masses using the g-and zband Petrosian magnitudes along with the Bell et al. (2003) empirically-calibrated mass-to-light ratio colour-corrections.
RESULTS
The top panels in Figures 1, 2 and 3 show the relation between nuclear cluster mass and the mass of its host galaxy for all early-and late-type galaxies. The dashed lines have slopes of unity and are shifted along the y-axis to approximately coincide with the distribution of data points in each panel. Lines of best-fit are shown for all samples by the solid lines, found by performing weighted least-square fits to the data. All fit parameters are summarized in Table 1 . In all samples, the intrinsic dispersion in the data exceeds the uncertainties on the individual data points. This is partly because, in some galaxies, the calculated uncertainties are too small to be representative of the true underlying uncertainties in the measurements (see Tables A1, A2 and A3 in Appendix A). This is due to the fact that we do not always have errors for both the masses and radii used in our calculations of the root-mean-square velocities. To account for the artificially small error bars, uncertainties on the fit 2 http://cas.sdss.org/dr10/en/home.aspx parameters are found by adding (in quadrature) an additional constant term σint to the uncertainties on both the NSC and host galaxy masses, and forcing the resulting reduced chi-square of the fit to be unity. Hence, the term σint is effectively a free parameter in our fits, and is set by the condition χ 2 red = 1. This increases the uncertainties on the fit parameters to more realistically represent the data. We also divide all galaxy masses by 10 9 M⊙, which is approximately equal to the sample means, in order to minimize the uncertainties on the y-intercepts of our lines of best-fit. For the Virgo Cluster sample we find a slope of 1.74 ± 0.28 (Virgo), whereas for the Coma Cluster and late-type samples we find clearly sub-linear slopes of 0.68 ± 0.10 (Coma) and 0.55 ± 0.08 (late-types). The y-intercepts are 6.47 ± 0.07 (latetypes), 6.17 ± 0.13 (Virgo) and 7.01 ± 0.06 (Coma). For comparison, we also perform bootstrapped maximum likelihood non-symmetric error-weighted fits (without adding an intrisinc dispersion term to the uncertainties on the individual data points). In all but the late-type sample, the derived fit parameters are consistent with our previous estimates to within the uncertainties.
3 The slopes for the latetype, Virgo and Coma samples are, respectively, 0.55 Jeffreys (1946) and based on Bayesian probability theory, such that the intrinsic dispersion is invariant to rescalings of the problem.
As seen in Figure 1 , the fit is poor for the late-type sample. This is due to the presence of ∼ 10 significant outliers at the low galaxy mass end of the distribution, many of which have NSCs that are nearly as massive as their host galaxies. Hence, these outliers are in part an artifact of having only included the stellar mass in our estimates for the total galaxy masses, and not the gas mass. In late-type galaxies, this effect can be significant. If the gas mass in these outliers is included in the estimates for their total masses, these data points shift to the right in Figure 1 , and it becomes apparent that even these NSCs are only 1% the mass of their host galaxy. Additionally, previous studies have shown that, in at least early-type galaxies, the dark matter mass fraction decreases with increasing galaxy mass or Sersic index (e.g. Cappellari et al. 2006; Forbes et al. 2008 ). For example, Toloba et al. (2014b) recently illustrated that an anti-correlation exists between fDM (within the effective radius) and total galaxy luminosity for a sample of 39 dwarf early-type galaxies in the Virgo Cluster. This effect is not included in our fits, and should also contribute to increasing the slopes of our lines of best-fit (i.e. closer to unity in the Coma Cluster and late-type samples).
The bottom panels in Figures 1, 2 and 3 show the relation between nuclear cluster root-mean-square velocity and the root-mean-square velocity of its host galaxy, calculated using Equations 4 and 5, respectively. As before, lines of best-fit (solid lines) are obtained from a weighted least-squares fit to the data. The uncertainties on the fit parameters are once again found by accounting for the intrinsic dispersion and forcing a reduced chi-square of unity. In the Virgo Cluster and late-type samples, the slopes are consistent with being linear to within two standard deviations, or 1.34 ± 0.17 (Virgo) and 0.85 ± 0.13 (late-type), respectively. In the Coma Cluster sample, however, the slope is sub-linear, or 0.58 ± 0.11. With these slopes, we find y-intercepts of -0.78 ± 0.33 (Virgo), 0.61 ± 0.16 (Coma) and 0.16 ± 0.25 (late-types). Intriguingly, in both the late-type and Virgo Cluster samples, the slopes shift closer to unity relative to the corresponding slopes in Figures 1 and 2 . Again, for comparison, we perform bootstrapped maximum likelihood nonsymmetric error-weighted fits, and find that all of these fits are consistent with those presented above to within one standard deviation. For the late-type, Virgo and Coma Cluster samples, we find slopes of, respectively, 0.96 The bottom panels in Figures 1, 2 and 3 suggest that, to within an order of magnitude, NSCs have roughly the same root-mean-square velocity, and hence energy per unit mass, as their host galaxies. This is the case despite sublinear slopes for the Coma Cluster sample. For example, the fit for the Coma Cluster sample predicts NSCs at low galaxy masses that have higher root-mean-square velocities than their hosts. However, the distribution of galaxy masses, and root-mean-square velocities, is narrow for the Coma Cluster sample, so we do not actually observe any NSCs with vrms values much higher than their hosts (i.e. by more than order of magnitude).
DISCUSSION
In this section, we discuss the significance of our results for NSC formation.
Energy per unit mass
First, we re-iterate a connection between the root-meansquare velocity at the half-light radius and the energy per unit mass of the system. From Equations 1 and 2, energy per unit mass scales as E/M ∝ v 2 rms ∝ M/αrrg. Therefore, if a given NSC has about the same vrms as its host galaxy (within r h ), then both systems have approximately the same energy per unit mass. As mentioned earlier, this result is highly unlikely if NSCs form independently of their host galaxies. Our results are consistent with this general picture, since the fit parameters and instrinsic scatter we obtain from our statistical analysis suggest that, in all of the late-and early-type samples considered here, the relation between NSC rootmean-square velocity and that of its host is as statistically significant as the underlying relation between NSC mass and host galaxy mass. However, given the uncertainties inherent to our analysis, this issue should be re-visited when better data become available.
Why do NSCs have roughly (to within an order of magnitude) the same energy per unit mass as their host galaxy? Said another way, our results illustrate that the average star in a nuclear star cluster has roughly the same kinetic energy (and hence total energy, by the virial theorem) as the average non-cluster star in the host galaxy. One interpretation of this result is that NSCs were effectively formed from stars taken directly from the host galaxy, while conserving energy. Hence, in this picture, galaxies form first, and then their NSCs subsequently form from some small piece of their host galaxy bodies. From our perspective, this scenario seems to be the simplest physically-motivated picture that is consistent with our results. However, it is by no means the only interpretation. For example, it is conceivable that NSCs and their host galaxies form with different root-mean-square velocities, and then somehow evolve over time toward a common root-mean-square velocity. However, we are unaware of any physical mechanism that might contribute to such a trend.
Implications for NSC formation and evolution
Our result can be understood within the framework of both the GC infall and in situ star formation models for NSC formation. For example, consider the GC infall model for NSC formation in a host galaxy with constant circular velocity at all radii (i.e. both inside and outside the effective radius r h ), an idealized assumption we will return to below. The key point is that an infalling GC (on roughly a circular orbit) that has just reached the nucleus due to dynamical friction will have approximately the same velocity relative to the centre of the galaxy as it did several kiloparsecs out. Hence, when stars orbiting within the GC have reached the galaxy centre, their velocities (relative to the galaxy centre of mass) remain similar to the circular velocity at or beyond rg. It follows that, when the inspiraling GC reaches the galaxy's centre and becomes part of the central nuclear cluster, the energy coming from the bulk motion of the infalling GC is converted to internal thermal energy within the nuclear cluster itself. That is, for a stationary observer at the centre of the galaxy, the centre of mass of the orbiting cluster transitions from having a net velocity roughly equal to the circular velocity to having zero net velocity, whereas the stars within the cluster always orbit the galaxy centre of mass at the circular velocity. Thus, for galaxies with a constant circular velocity inside the effective radius, this predicts a linear relationship between the energy per unit mass in the central NSC and that of its host galaxy (or, equivalently, a linear relation between the root-meansquare velocity of the central NSC and that of its host, at all radii inside rg).
Next, consider the in situ star formation scenario for NSC formation, again in a host galaxy with constant circular velocity at all radii. Ignoring radiation losses, we would naively expect a similar picture as outlined for the GC infall model. That is, the gas should reach the central NSC with the same velocity as it had several kiloparsecs out, creating a disk (assuming a preferred plane of accretion) of starforming gas with a circular velocity that roughly matches that of its host (ignoring any central SMBH). We caution, however, that the picture is potentially more complicated within the framework of the in situ star formation model for NSC formation. This is because, when infalling gas filaments collide with the forming nucleus, shocks can develop that will radiate energy away and lower the energy per unit mass of the central NSC relative to its host. Thus, at least in the ideal case of a collisionless star-forming gas, we expect a central NSC with roughly the same energy per unit mass as its host in galaxies with a constant vc at all radii, just as in the GC infall model.
The assumption of a constant circular velocity as a function of galactocentric radius is, to first-order, consistent with the observations for most galaxies in our samples (ignoring the innermost regions near the galactic centre). First, consider the early-type galaxies. Observations have now revealed that early-type galaxies are composed of both a spherical bulge and an underlying disk (e.g. Emsellem et al. 2007; Graham & Worley 2008; Scott et al. 2014; Laurikainen et al. 2011 ). The ratio of bulge-to-disk luminosity in typical early-type galaxies is LB/LD ∼ 1/3 (e.g. Graham & Worley 2008; Laurikainen et al. 2011 ). Thus, for our early-type samples, the potentials can be approximated by an isothermal density profile for the bulge, combined with a Mestel disk (Binney & Tremaine 1987 ). Subsequently, integrating over the surface brightness profile yields a massdependence of the form M(r) ∝ r. The key features of these potentials is that they have circular velocities given by (Binney & Tremaine 1987) :
where r is the distance from the centre of the galaxy, and M(r) is the mass distribution within r. The surface brightness is proportional to 1/r in both potentials, hence their sum also scales as 1/r. Subsequently, integrating over the surface brightness profile yields a mass-dependence of the form M(r) ∝ r. From Equation 7, it follows that the circular velocity is independent of r in the combined bulge-disk potential, provided the outer extent of the bulge extends beyond r h . Beyond the limiting radius of the bulge, it contributes a constant to the total potential, and vc declines weakly with increasing r. For our sample of late-type galaxies, the potential can, to first-order, be approximated by a simple Mestel disk, for which the circular velocity is independent of r (Binney & Tremaine 1987) . Thus, the circular velocity is independent of r in this potential as well. Therefore, in both early-and late-type galaxies, the assumption of a constant circular velocity vc within the effective radius r h is a reasonable first-order assumption. We caution that the potentials of real galaxies are considerably more complicated than the assumptions made above suggest. In particular, the ratio M(r)/r drops considerably at small galactocentric radii, roughly where the NSC potential begins to dominate over that of its host. Previous studies have used numerical simulations to model the properties of NSCs formed from GC infall (e.g. Antonini et al. 2012; Antonini 2013) , focusing on the final few parsecs. Antonini (2013) found that, after many mergers of GCs with the central NSC, the NSC mass-radius relation steepens from RNSC ∼ M 0.5 NSC to RNSC ∼ MNSC. Thus, the energy per unit mass in the NSC ends up being independent of the number of accreted GCs, and reaches a roughly constant value. Using more detailed models, Gnedin, Ostriker & Tremaine (2014) found a similarly weak dependence of the form RNSC ∼ M 0.23 NSC . Therefore, our results suggest a similarly weak dependence of the galaxy half-mass radius on the total galaxy stellar mass, in order to reproduce the observed relation between the NSC root-mean-square velocity and that of its host. Of equal importance, the circular velocity profiles of real galaxies often are not constant at large galactocentric radii, but instead show considerable fluctuations (e.g. Toloba et al. 2014a,b) . Thus, our assumption of a constant circular velocity at all radii is not strictly correct, and is likely the source of much of the scatter seen in Figures 1, 2  and 3 .
What else might a linear relation in energy per unit mass be telling us about NSC formation and/or evolution? In particular, we ask: How might a linear relation in energy per unit mass between NSCs and their host galaxies, once in place, be affected by other physical processes characteristic of galaxy formation, such as collisions and mergers occurring in galaxy clusters? Within the framework of the above picture for NSC formation, which should approximately produce NSCs with the same energy per unit mass as their host, one possible interpretation of this result is that any collisional events affecting the energy per unit mass of the host must have similarly affected its NSC. In other words, significant energy gains or losses cannot have occurred for either the NSC or its host galaxy post-formation. This is because additional energy deposited within NSCs and/or their host galaxies due to direct collisions could contribute to increasing the half-light radius of the system, and hence to decreasing the energy per unit mass (provided the particles involved in the collision are themselves collisionless, which is a decent assumption for stars). This is because the kinetic energies of the colliding galaxies are positive and, via energy conservation, must be added to the total energy per unit mass of the collision/merger product. This contributes to a reduction in the total energy per unit mass of the system (which is a negative quantity for bound systems), which might be observed as an increase in the half-light or effective radius. Thus, if NSC formation involved more energetic collisions than occurred in the host galaxy, this could contribute to a lower root-mean-square velocity in the NSC relative to its host galaxy. Conversely, if galaxy formation involved more energetic collisions than the formation of the central NSC, this could contribute to a lower vrms in the host relative to its central NSC. If the efficiency of either of these scenarios scales with total galaxy mass, then this could contribute to a sub-linear or even super-linear dependence of NSC root-mean-square velocity on host galaxy vrms. In general, collisions that affect the NSC more (or less) than its host contribute to a higher (or lower) energy per unit mass in the host relative to the central NSC, and should increase the scatter in the bottom panels of Figures 1, 2 and 3 . The intrinsic scatter in the observed relations is at least consistent with being due in part to different merger histories for the galaxies in our samples.
We caution that the presence of a central SMBH can also strongly affect the evolution and observed structural parameters of NSCs. For example, the presence of a central NSC might be a required pre-cursor to the formation of an SMBH via core collapse (Miller & Davies 2012; Gnedin, Ostriker & Tremaine 2014) . Subsequently, the central SMBH can act to disrupt infalling clusters before they reach the nucleus (Antonini et al. 2012; Antonini 2013) . Alternatively, a central SMBH or SMBH-SMBH binary could contribute to a higher energy per unit mass in NSCs relative to their hosts, by ejecting stars with a large (positive) energy per unit mass. More work is needed to properly quantify the impact of the presence a central SMBH on the results presented in this paper. Finally, we have also not considered any internal evolution that might occur in NSCs, affecting their structural parameters, nor have we considered energy exchange between an existing NSC and its host galaxy (e.g. Merritt 2013 ). In general, these omissions are reasonable since the relevant time-scales (e.g. two-body relaxation) tend to exceed a Hubble time in most NSCs (e.g. Merritt 2013).
Future work
We have argued 1) that NSCs form after their host galaxy bodies, and 2) that, in principle, both formation scenarios for NSC formation discussed above can produce NSCs with the same energy per unit mass as their host galaxies. In an attempt to identify the most plausible mechanism for NSC formation, we now turn our attention to angular momentum. The general predictions discussed below that arise from consideration of angular momentum could be testable in the future with higher resolution surveys.
What do we expect for the angular momentum content of NSCs relative to their host galaxies? We will argue that, unlike energy per unit mass, the answer could depend on the NSC formation mechanism. In particular, GC orbits form a halo within the host galaxy, with their orbital planes aligned at random angles relative to each other. Thus, if only a single GC inspiral is responsible for forming the NSC, then we would expect significant rotation in the remnant NSC, with the axis of rotation aligned perpendicular to the original orbital plane of the inspiraling GC. This rotation can be canceled by the cumulative effects of many GCs inspiralling into the nucleus, which should create a central NSC with roughly the same energy per unit mass as its host, but nearly zero net angular momentum (within the framework of the picture described above).
4 This is the case for both early-and late-type galaxies. The story changes within the framework of the in situ star formation model for NSC growth. This is because the cumulative effects of galaxy mergers have not depleted the total angular momentum content of late-type galaxies. In late-types, there is a preferred plane of accretion for gas, but not for any accreted GCs. Therefore, any in situ star formation occurring in a NSC forming via gas accretion should generally occur in a disk, with its dominant angular momentum vector aligned with that of the host. NSCs formed from many episodes of GC infall, however, should have roughly zero net angular momentum. Thus, we predict that NSCs in late-type galaxies formed primarily via gas accretion and in situ star formation should contain significant angular momentum, which is directly observable as rotation. Naively, this also predicts a correlation between the observed inclination of the host galaxy disk relative to the observer line of sight and the (isophotal) ellipticity of the NSC, with more edge-on disk galaxies having more flattened NSCs. In early-type galaxies, on the other hand, there is no preferred plane of accretion for the gas. Thus, we expect a central NSC with roughly the same energy per unit mass as its host, just as in the GC infall model, but with little to no net angular momentum or rotation.
The implication that NSCs are formed and evolve together with their host galaxies suggests that the origins of NSCs can be distinguished observationally (again, ignoring any internal evolution occuring within the NSCs) when better resolution becomes available. This can be done by decomposing NSCs into bulge and disk components, and comparing the bulge and disk masses, as well as the angle of inclination between the plane of the NSC disk and that of its host galaxy. This is especially true in spiral galaxies, since they have a milder merger history than ellipticals. Consider the quantity β = cosθM disk /(M bulge +M disk ), where M disk is 4 In fact, repeated episodes of GC infall may still yield nonnegligible rotation in the NSC, provided the orbits characteristic of the bulk of the GC population in the host galaxy exhibit a clear rotation signature, with v/σ > 0.5. This has been observed in a number of early-type galaxies (e.g. Beasley et al. 2009; Pota et al. 2013) , and even the bulge of the Milky Way (e.g. Harris 1996 Harris , 2010 .
the mass of the disk component, M bulge is the mass of the bugle component and θ is the angle of inclination between the NSC disk and that of its host galaxy. If β 0, then the NSC was formed mainly through GC infall. If, on the other hand, β > 0 then a non-negligible fraction of the NSC formed through in situ star formation, with β = 1 corresponding to the case of 0% GC infall and 100% in situ star formation.
SUMMARY
We estimate and compare the root-mean-square velocities for a large sample of nuclear star clusters and their host galaxies (both early-and late-type). These are used as proxies for energy per unit mass, and it is demonstrated that NSCs have roughly the same energy per unit mass as their host galaxies, to within an order of magnitude. The origin of this interesting relation is discussed. We interpret this as evidence that NSCs do not form independently of their host galaxies, but rather that their formation and subsequent evolution are coupled. We discuss how our results can potentially be used to offer a clear and observationally testable prediction to distinguish between the different nuclear star cluster formation scenarios, and even quantify their relative contributions.
APPENDIX A: DATA
In this appendix, we present the data used to generate Figures 1, 2 and 3. All calculated NSC and galaxy masses and root-mean-square velocities are summarized in Tables A1,  A2 and A3 for each of the late-type, Virgo Cluster and Coma Cluster samples, respectively. Table A1 . Properties of all late-type galaxies. Column 1 gives the object ID. Columns 2 and 3 list the total stellar mass of the galaxy and NSC in units of 10 9 M ⊙ and 10 6 M ⊙ , respectively. Columns 4 and 5 provide the root-mean-square velocities for the galaxy and NSC, respectively, in units of km s −1 . The galaxy and NSC mass uncertainties are taken directly from the literature. The uncertainties for the root-mean-square velocities are calculated using the provided uncertainties on both the galaxy or NSC masses and radii, wherever available. Table A2 . Properties of all Virgo Cluster galaxies. The columns are the same as in Table A1 . 
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